This technical note presents a macroscopic model capable of estimating the variation of hardness and yield stress at different railhead distances (depths) from the running surface. Published data, including results reported in previous works by the authors, have been utilised to calibrate and test the validity of the model. From this preliminary investigation, it was found that the model can accurately predict the measured hardness and yield stress values. It was also found that the model can represent the variation profile exhibited in the examined railhead material. This model, subject to further validation, has the potential to be used in practical applications.
Background and objectives
Wear and ratcheting modelling and simulation in steel railhead require accurate knowledge of the mechanical properties of the material under cyclic loading. In particular, the description of isotropic hardening (yield stress change) is an important element in material modelling, since railhead material exhibits a non-uniform variation of the yield stress at different distances from the railhead running surface (depth levels) due to heat treatments. To this end, tensile tests on coupons obtained from various depths are used to determine the yield stress values, which are then fed into analytical and computational models to predict damage accumulation (e.g. wear, fatigue, ratcheting) in rails. Moreover, hardness measurement across the railhead profile is commonly employed as an alternative and less cumbersome method to identify indirectly the varying mechanical properties of the material, since yield stress can be estimated from hardness values. However, discrete values can only offer a non-homogeneous description of the varying mechanical properties (yield stress/ hardness) of railhead across its depth. This technical note presents a model that represents the headhardened rail steel yield stress and hardness as a function of distance from running head surface (depth). Such model can be used as a prediction tool, when sufficient data are available for its calibration. Moreover, employing a continuous function of this kind can be embedded in existing isotropic hardening models for steel alloys, which in turn offers a unified mathematical representation of the plastic properties of the material.
Research method Experimental data
The proposed model was developed and calibrated with the use of yield stress and hardness data from different railhead depths, sourced from previously published research. [1] [2] [3] [4] [5] The research studies, rail material, yield stress/hardness measurement details and the corresponding figures presenting the experimental data are listed in Table 1 .
Model description
The model was developed on the basis of macroscopic observations from yield stress and hardness experimental data (measurements). These experimental Figures 1 to 3) .
The model represents the variation of yield stress y as a function of depth d (distance from the running surface of the railhead) and it is given by the following expression
where k 1 is the saturation value of the yield stress and k v and are the parameters controlling, respectively, the magnitude and evolution pace of the righthand side (variable) term of the model (k v e Àd 2:5 ). Moreover, the 2.5 exponent in the variable term was selected on the basis of obtaining a good fit of data, avoiding the introduction of another parameter in the equation.
Similarly, on the basis of a linear relationship between yield stress and hardness (an assumption confirmed by the experimental data), hardness H can be described by the following expression where h 1 is the saturation value of the hardness and h v is the parameter controlling the magnitude of the variable term of the model. It is noted that parameter is the same in both equations (1) and (2) . The model was developed through observing to the macroscopic characteristics exhibited by the material at different depth levels. In particular, as illustrated in the sequel, it is the model's non-linear nature that enables fitting of the yield stress and hardness experimental data. The model calibration is presented in detail in the 'Results' section.
One may notice that the y d ð Þ function follows largely the formulation of the well-known microstructure-dependent Hall-Petch equation
where D is the average grain size and the i , friction stress, and k y , stress intensity coefficient, are independent parameters.
However, the proposed model does not intend to relate microstructure characteristics with macroscopic mechanical properties. Further investigation of a possible relation requires insight on the underlying mechanisms in microstructure level, which escapes the aims of the technical note.
Results
The model has been applied both for yield stress and hardness estimation in the cases (experimental data) presented in Table 1 . For the calibration of the y d ð Þ model parameters (equation (1)), the following conditions had to be met
Meanwhile, the parameter was adjusted to best fit the data points, namely to minimise the error at each point [error ¼ (experiment À calculation)/ experiment]. Similarly, the aforementioned conditions (equations (4) and (5)) can be met with relative flexibility (thus the approximate equal notation), which can be beneficial in achieving an overall (average) error reduction goal. The Table 2 .
The model output (predictions) are presented in conjunction with the experimental data in Figures 1  to 3 . In all cases examined, a very good agreement between experimental and predicted data is evident. This is also confirmed by the % average error, which was calculated to be 0.4, 3.8 and 0.7% for the data presented in Figures 1 to 3 respectively. The noticed differences between measured and calculated data in Figure 2 (yield stress) and Figure 3 (hardness) may be attributed to experimental error (such as the outlier hardness data points shown in Figure 3 ). 
